1 Basic mathematical operations

1.1 Lagrange n-points Interpolation
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For 4-points
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For 5 points
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1.2 Numerical Differentiation
Tayler series expansion;
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Numerical Differentiation:
For 2-points (linear);
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For 3-points;
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For 4-points;
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6h(—2f¢1 —3fo+6f1— fr2) + O(h?)

For 5-points;
[~ Lh[f—2—8f—1+8f1 fo] + O(h?)

1.3 Higher Order Differentiation

No 2-points 2nd order differential.
3-points 2nd order differential

fi— 2}]:(;4‘ Jo1 + o)

fi—=2fo+ fo1 = B2 f" + O(hY)
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4-points 2nd order differential

[ = =20+ f) + O)

5-points 2nd order differential
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o= (=f-2+16f-1 —30fo + 16f1 — fo) + O(h*)

No 3-points 3rd order differential.
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4-points 3rd order differential
1
"~ £ —=(—fq1+3fo—3f11 + [+2) (15)
5-points 3rd order differential

PE
o= %(—f—2+2f—1—2f1+f2) (16)

No 4-points 4th order differential.
5-points 4th order differential

FO & i (Fa = Af 4 6o~ Afi 4 fo) (17)

1.4 Numerical Integral

Trapezoidal rule : two of 2-points integral

[ f@yiz = L v 2mt p) + O (18)
Simpson’s rule : 3-points integral
[ r@de = 2w an+ p) + o) (19)

c.f. 3-points Lagrange Interpolation.
For a <z <0, by Simpson’s rule,

/f [f( )+ 4f(a+h) +2f(a+ 2h) + 4f(a+ 3h) + 2f (a + 4h)
+--+2f(b—2h)+4f(b—h)+ f(b)] (20)

discretizing into even number of equal segments (grid size) h.
4-points integral : Simpson’s 3/8 rule

[r@ye = 2 8n435+ 1) + O0) (21)

5-points integral : Bode’s rule

/f = (7f0+32f1 +12f, +32f3+ 7f1) + O(R") (22)

Change of variable and singular points.
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1.5 Finding roots; finding zero points

Simple method using half step size.

f(@is) f(zi) < or >0 (23)

Newton-Raphson method

f(ripn) = f(wi) + (i —2:) f/(2:) = 0
I C2)
Titr = T F(z2) (24)

Secant method
f(xz) - f(xz‘—l)
Ty — Ti—1
Ty — Tj—1

Tiv1r = Ti— f(x’)f(xz) — f(@iz1)

flla) =~

(25)

2 First order ordinary differential equation

Solve differential equation
dy(z)
dx

for function y(z) with initial condition y(zg) = yo. This can be solved by
recursion relation starting from g at xo.

= f(z,y) (26)

2.1 Euler’s method

Using two point differential form, the recursion relation of Euler’s method is

Yn+1 = Yn + hf(l’n, yn> + O(h'z) (27>

Since y' = f(z,y(x)), we have

d of of
1 — . — 4 —J 28
Thus from Tayler expansion
h? h3
Yn+1 = Yn + hy), + ?yz + gyz/ + - (29)
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we can get higher order recursion relation

h? [0 0]

2 |0x Ay,
2.2 Using Extrapolation
Implicit methods using integral of f,

Tn+1

Use extrapolation or interpolation for f(z,y) here.
Using two points extrapolation, we get Adams-Bashforth 2-step Method

Ynt1 = Yn+ g(gfn - fn—l) + O(hg) (32)

Multistep method using multi-points extrapolation.

2.3 Using Interpolation

Adams-Moulton Method
Predictor-Corrector Algorithm

2.4 Runge-Kutta Methods

Use three points Simpson rule for the integral of f(z,y) from v, to y,+1 with
three points interpolation of z,,, ,41/2, and @, 4;.
Yn+1

Yn+t1 = Yn+ y f(l‘,y)dl‘

Yn + % {f(xn,yn) +4f(Tns1/2, Ynt1/2) + f(Tns1, yn+1)} +0(h%) (33)

Three point third order Runge-Kutta method;
ki = hf(zn,yn)
ky = hf(xn+%h,yn+%k1)
ks = hf(x,+ h,y, — ki + 2ko)
Yni1 = Un+ é(kl + 4ky + k3) + O(RY) (34)

Q
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Three point fourth order Runge-Kutta method;

kl = hf(xna yn)
1 1
k2 = hf(xn + _h> Yn + _kl)

2 2
1 1
ks = hf(z,+ ihﬁ Yn T 5752)
k4 = hf(xn + h7 Yn + k3)
1
Unt1 = UYn+ E(kl + 2ko + 2ks + k4) + O(R®) (35)

2.5 Stability

3 Boundary value and Eigenvalue Problems

Solve second order linear differential equation

d*y(x)
dx?

+ K (2)y(x) = S() (36)

for function y(z).

3.1 Numerov algorithm

h* h® h? s

2

h
= (Spy1 4+ 108, + Sp_1) + O(K°) (38)



