Chapter 3

First Order Ordinary
Differential equation

Solve first order ordinary differential Equation

W) _ o) 3.1)

for function y(z) with initial condition y(xg) = yo. This can be solved by
recursion relation starting from g, at .

Hamilton’s equation of motion;

dgq OH (g, p 1)

dt oqg
dp _ 9H(gp 1)
dt dqg

Newton’s equation of motion;

d?*z
mﬁ - f(t,x,v),
a7
dv
E = f(twruv)/m‘
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3.1 Euler’s Method

Using two point differential form, the recursion relation of Euler’s method is

Yn+1 = Yn + hf(l‘n, yn) + O(hz) (32)

Since y' = f(x,y(z)), we have

y = %f(x,y)za—Jra—y. (3.3)

Thus from Taylor expansion
h? h3

we can get higher order recursion relation

h? [8f of

i Yy “J 3

3.2 Using Extrapolation

Implicit methods using integral of f,
Tn+1

Extrapolating f(z,y) using two points of x,, and z,,_; and then integrating
f(z,y) for z, <z < x,4q, we get Adams-Bashforth 2-step Method

hr = Ut 2B fa) + O(). (3.7

Extension to multi-step method using multi-points extrapolation such as four
points (x,,, Tp_1, Tn_2, Tn_3) cubic extrapolation and then integrating f(z,y)
for z, <z <@,

h
Yn+1 = Yn + ﬂ(55fn - 59fn—1 + 37fn—2 - 9fﬂ—3) + O(h4) (38)

for 4-step method.
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3.3 Using Interpolation

Adams-Moulton Method: Use interpolation of f(z,y) including x, and x,
points. Using three points of x,,_1, x,, and z,,1, the Adams-Moulton 2-step
method is

bt = (B +8Fu— i) + O(h). (3.9

Using four points of x,,_o, x,_1, x,, and x,; it becomes 3-step method:

Ynt1 = 2h4 (9fns1 4+ 19f0 = 5fnu1 + fa2) + O(R%). (3.10)

The unknown value of y,, ;1 is involved in Adams-Moulton method through
fos1 = [(Tni1,Yns1). For this problem use Predictor-Corrector Algorithm.

3.4 Runge-Kutta Methods

Use three points Simpson rule for the integral of f(z,y) from y,, to y,.1 with
three points interpolation of z,,, x,41/2, and z,41.

Yn+1

Yn+1 = yn+/y f(x7y)d‘r

h
R UYn + 6 [f(In, yn)+4f<xn+1/27 yn+1/2>+f(xn+la yn—&-l)} + O(h5)' (3'11)

This equation involves unknown values of y,41/2 and ¥,41.
Three point third order Runge-Kutta method;

ki = hf(zn, yn),
ky = hf(xn%—;h,yn—l—;kl),
ks = hf(z,+ h,y, — k1 + 2k2),
Ynt1 = Yn Tt (13(/61 + dky + k3) + O(hY). (3.12)

Three point fourth order Runge-Kutta method;

kl = hf(xnayn)a
1 1
k2 - hf(xn + §h7 Yn + §k1>a
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1 1
kS - hf<xn + §h7yn + §k2)a
k4 = hf<xn + h, Yn + kS)?
1
Ynt1 = Ynt é(kl + 2ky + 2k3 + k4) + O(R°). (3.13)

3.5 Stability

Since the error accumulates as integrate through from initial point to final
point using the recurrence relation, the direction of integration may be vital
for some function of f(x,y). For example, % = f(z,y) = —y has the solution
y(x) = e~® which becomes smaller and smaller fast as  becomes larger. If
we integrate out starting from z = 0 with y(0) = 1, then the accumulated
error could be larger than the value of yy at large xy. If we integrate in
from xy with yy, then the accumulated error could be much smaller than 1,

at small x;.



